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Abstract 
Using the fabrication techniques and materials of microelectronics as a basis, microelectromechanical systems 
(MEMs) make available the co-location of both mechanical and electrical components on one chip.  In this work, we 
need to study the piezoresistive cantilevers response. This study is divided into two parts:  initially we study the 
mechanical response. The stress repartition on the surface of the piezoresistive cantilever makes it possible to 
determine the ideal site of the gauges.  In second part, the study of the electric response makes it possible to 
determine the variation of induced electric resistance within the gauges according to the deformations.  The study of 
the mechanical parameters of the Silicon and the coefficients of piezoresistivity according to the crystallographic 
directions makes it possible to optimize the response of the sensor.   
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1. Introduction: 
In this article, we propose to study the mechanical and electrical properties of the cantilever with 
piezoresistive detection. Indeed, it constitutes a basic element in a great number of Microsystems 
applications.  
The cantilever with piezoresistive detection plays the role of a force sensor which generally 
transforms a mechanical deformation into an electrical signal. In this article, we propose to model and 
simulate the mechanical behavior of the piezoresistive cantilever and to deduce its mechanical and 
electrical response. 
In a first part, we will study the mechanical response of a piezoresistive cantilever with rectangular 
form. We will finish this part by a simulation using the Finite Element Method which will enable us to 
obtain the deformation and the stress repartition according to the force applied at the free end of the 
cantilever. The study of the stress repartition will make us possible to choose the ideal place of the 
piezoresistors gauges in order to have a maximum of sensitivity.  
© 2014 Elsevier B.V. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/3.0/).
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In a second part, we will study the electrical response of the piezoresistive cantilever by giving the 
variation of sensitivity as a function of cantilever deflection.  
2. Modeling of the Cantilever - Study of the Mechanical Behavior: 
Figure 1 shows the geometry of a rectangular-section cantilever used in atomic force microscopy: 
 
 
Fig. 1:  A Schematic diagram of rectangular-section cantilever 
Description of the Neutral Axis of the Cantilever: 
The stresses acting on an element of the cantilever depend on his position compared to the neutral 
axis. Indeed, at the time of the bending of the cantilever to the bottom, all elements being under the 
neutral axis will work in compression (σl < 0) whereas all those being above work in longitudinal 
extension (σl > 0).  
 
 
Fig. 2 :  1D representation of the cantilever:   (A) in rest - (b) after application of Fz. 
 
Moment of Inertia of the Cantilever: 
The moment of inertia (expressed with ) of the cantilever is a purely geometrical value and is given 
by the following relation [ 1 ]: 
                                     (1) 
The integration in equation (1) yields: 
          

                                     (2) 
Bending Moment: 
 
If the load is specific and applied at the free end of the cantilever (Fig. 3), the bending moment (noted 
   expressed with N.m) can be written according to W.C.Young [ 2 ]: 
                                                (3)      
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3. Cantilever Flex under Force Applied: 
 
Under a specific force Fz applied (fig. 3) - according to (Oz) direction - at a distance h of the free end 
of the cantilever, this last becomes deformed in each point.  
 
Note: 
In all that follows, we will neglect h in front of L. 
 
 
 
Fig. 3 : A Schematic diagram of cantilever Flex under Fz. 
 
The radius of curvature of the structure in each x point, is given by [ 3-4 ]:

 

Ê                                    (4) 
Where: 
                          Ê = E/ (1- υ2)                  (5) 
On the other hand, the radius of curvature R, according to the displacement δz (x) is given by: 

 


 
                  (6) 
Equating the two expressions (4) and (6) and assuming a small curvature, leads to the equation of 
bending of the cantilever:  
 

   

                                  (7)   
 
Displacement: 
 
The clamping of the cantilever imposes the following boundary conditions: 
 
     
               
            
 
By solving the equation (7), we can get the flex  at any point of the cantilever, which is given by:   
 
   

               (8)  
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At the free end of the cantilever, where x = L, the displacement is given by: 
       

Ê        (9)   
 
    Linear Spring Constant : 
 
The cantilever linear spring constant, Kz, is defined as the ratio of the force applied at the free end to 
the resultant displacement at x = L [ 4-5 ],  
   
 
     (10)     
 
In Atomic Force Microscopy, The linear spring constant of the cantilever determine a given tip-
sample force and its resonance frequency. 
 
4.  Simulations with Finite Elements and Modeling of the Mechanical Behavior of the 
Cantilever: 
We have carried out a digital simulation by using ANSYS for various forces applied at the free end of 
a Silicon micro cantilever.  
 
Fig. 4 : 2D Representation of a Cantilever with 5 µm Size Element edge length 
 
Fig. 5:  Maximum displacement as a Function of applied force 
 
The study of the mechanical behavior of the cantilever shows that these results depend on the value of 
the force applied. 
-  Linear Spring Constant:  
Table 1: Comparison of the theoretical values and by simulation of the linear spring constant 
 Theoretically By simulation 
 0.066 0.0657 
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Table 1 indicates that, for the linear spring constant, we have a good agreement between the 
theoretical and by simulation results.  
- Stress Repartition: 
Figure 6 is an example of the results obtained for an applied force of -100 nN. The deflection induced 
by this force is represented on the 6a figure. As for the stress, they are represented on the 6b and 6c 
figures.  
 
 
 
 
 
According to figure 6, we observe that only the longitudinal stress appears. This figure shows that the 
stress is maximal on the level of the fixed part of the cantilever. In order to have a maximum of 
sensitivity, the piezoresistors gauges will be placed on the cantilever surface at the clamping part of the 
cantilever.  
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Fig. 6 : Results of simulations on a rectangular micro cantilever (A) Flex of the micro cantilever for Fz = -100 nN. (b) 
and (c) longitudinal   and transversal stress of the micro cantilever. 
5.  Electric Response of the Piezoresistive Cantilever: 
 In order to obtain a signal representative of the movement of the cantilever, the method of detection 
chosen, in a preoccupation of miniaturization and integration, is a piezoresistive method. 
The principal idea of such method comes owing to the fact that doped silicon is a piezoresistive 
material, i.e. a material whose resistivity depends on the stress applied. 
In order to detect the movement of the cantilever, the piezoresistors will thus be diffused on the 
cantilever surface at the part of rigid support. Thus, the electrical signal measuring the resistance will be 
thus a function of the deflection of the cantilever.  
These piezoresistors will be realized at the time of the manufacturing process of the cantilever by 
doping or ionic implantation of boron in silicon. 
The variables expressing the dimensions of the cantilever like those of the piezoresistors gauges are 
represented on Figure 7.  
 
 
 
Fig. 7: Cross section of the cantilever with piezoresistor gauge and the applied force Fz. 
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The piezoresistive detection of the force by the cantilever depends on the relative variation of 
resistivity. This last is proportional to the applied stress: 

                  (11)   
To calculate the electric variation of resistance, we consider only the longitudinal stress present within 
the longitudinal elements of the gauge.  
 
- Sensitivity of the Cantilever:  
 
The deflection sensitivity for a rectangular cantilever beam can be expressed as:[ 6 ] 

 

    

                 (12) 
 
Where  denotes the gauge factor of the piezoresistive silicon resistor: 
                             (13)    
 
 
Fig.8 : Variation of sensitivity as a function of Cantilever Deflection 
It is seen that Sensitivity shows a linear response.    
The deflections imposed to the cantilever by the applied force, induce an electric variation of 
resistance within the piezoresistor gauge. In order to be able to treat the signal resulting from these last, 
the electric variation of resistance must initially be transformed into a variation of tension or current for 
example by a Wheatstone bridge. 
 
6. Conclusion: 
In order to optimize the piezoresistive response of the cantilever, we have study theoretically its 
mechanical and electrical properties. By modeling the mechanical behavior of silicon cantileverwe based 
on the linear spring constant and the stress repartition. The study of the stress repartition shows that the 
ideal location of the piezoresistor gauge is thus on the cantilever surface at a clamped part. We have 
justified this location of the piezoresistor by using the software ANSYS
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For the study of the response piezoresistive, we considerate that the deflections imposed to the 
cantilever by the applied force, induce an electric variation of the gauge resistance which can initially be 
transformed into a variation of tension or current. 
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